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Abstract. A faicly general form of coupled higher-order nonlinear Schridinger (CemLs)
equations, which includes the effect of group velocity dispersion (Gvp), third-order dispersion,
Ketr-law nonlinearity and describing a large class of phenomena involving soliton interactions,
has been investigated using Painlevé (P) singularity structure analysis in order to identify the
underlying integrable models. The identified integrable models agree well with those obtained
from AxNs formulation. In addition, we explicitly obtain the bright and dark N-soliton solutions
for the integrable model by using Hirota bilinearization derivable from the P-analysis. The form
of the bright one-soliton agrees with the result derivable from the inverse scattering analysis,
while that of the remaining higher-order bright solitons and dark ¥-solitons are reported for the
first time, by including the most general lingar coupling terms.

1. Introduction

The propagation of optical soliton pulses throdgh a fibre medium is governed by the
nonlinear Schrédinger (NLS) family of equations, including their higher-order and coupled
versions depending upon the physical sitnation that is being modelled [1,2]. The NLS
equation has two types of soliton solution, namely bright and dark soliton solutions. While
the former can exist in the anomalous GVD region [3] where the dispersion and the cubic
nonlinear coefficients have identical signs (that is, the product of these two coefficients is
greater than zero), the latter can occur in the normal GVD region [4] where those two
coefficients take opposite signs (that is, the product of dispersion and cubic nonlinear
coefficients is less than zero). Zakharov and Shabat [5] solved exactly the NLS equation
by means of the inverse scattering method and noted pulse-like envelope soliton solutions
in the anomalous GvD region and, in the case of the normal GVD region, soliton solutions
appear in the form of a dip against a uniform background [6]. The former ones are the bright
solitons and the latter ones are the dark solitons. Recently the theoretical and experimental
aspects of the dark solitons have been reviewed by Kivshar [7].

" The role of a set of coupled NLS family of equations becomes quite important to expiain
the interaction of optical sclitons in a two-mode fibre [8~10], birefringent fibre [11-13],
directional coupler [14-16], etc. One such a fairly general form of coupled higher-order
nonlinear Schrodinger (CHNLS) equations is the generalized version of the higher-order NLS
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equation [17],

. . A .
ig1z + le1gre + 591 + arlq® + nlga|Dq + (o4 + o)q + (g +ik)gn

~ielgqie + a(q1* + nlg2Mgr: + 0 QgT a1 + ngi g =0 (1.1a)
: . A ]
iga; + ip2ga: + 5921 +ar(nla? + g2l ge + (64 — 0-)g2 + (g — i)

—ielga + ¢Qnlq1 2 + 121D g2 + eQ(naiqu + giada) =0 (1.1b)

where p1, 02, O, O, Ky, K=, 1, &, A, £ and & are real parameters, the variables z and ¢
are the normalized distance and time along the fibre respectively and ¢;(z, ), j = 1,2 are
the normalized envelopes of the two modes. Here the parameter & approaches the value
zero if the pulse width is long compared to the wavelength and the bright and dark soliton
solutions of the resultant coupled NLS equations have been recently constructed [18] by
deriving the corresponding Hirota bilinear form from the results of Painlevé (P) analysis in
the absence of linear cross coupling terms « = «_ = (0. The parameter « can take both
positive and negative values depending on whether bright or dark solitons are present in
the system respectively. For & = 1, Tasgal and Potasek {17], using the inverse scattering
method, explicitly derived a bright one-soliton solution of the system (1.1) for the parametric
restrictions £ = 3, oy = o3 and n = 1. They also briefly reviewed the role of the parameters
1, P2y Oy Oy K4y K-, & and 1 corresponding to the different physical situations that are
being modelled from the previous soliton works. It appears that up to this date there has
been no systematic work to find bright and dark N-soliton solutions of the CHNLS equations
by including the most general linear cross coupling terms 4., k.

In this paper, we find explicitly bright and dark N-soliton solutions of the underlying
integrable model of the system (1.1) using the relation between P-analysis and Hirota
technique. The plan of the paper is as follows. In section 2, in order to identify the
underlying integrable models of the system (1.1}, we apply P-analysis and note that the
identified integrable model, which is the same as obtained by Tasgal and Potasek [17] from
AKNS formulation, does not have any restriction on the parameters o, o_, k4, -, o, A and
£ as such. In section 3, we derive explicitly the bright and dark N-soliton solutions of the
integrable model using a Hirota bilinear transformation derivable from the P-analysis, It is
also verified in this section that the bright one-soliton obtained here exhibits the same form
as that reported from the inverse scattering method [17], and that the remaining higher-order
bright and dark solitons are reported here by including the higher-order terms and the most
general linear coupling terms systematically, for the first time. Section 4 is devoted to a
discussion of the results.

2. Painlevé singularity structure analysis of the CHNLS equations

In recent years, the Painlevé singularity structure analysis has been identified as one of the
powerful tools in the search for new integrable systems [19,20]. The remarkable feature of
this analysis, particularly for soliton equations, is that a natural connection exists in relation
to the Lax pair, Bécklund transformation (BT) and Hirota method. Therefore, investigating
the underlying integrable modeis of the coupled soliton equations by means of this analysis
is quite interesting [21,22] and in this section we perform the singular point analysis for
the CHNLS equations (1.1).
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2.1, Leading order and resonance analysis

In order to apply the P-analysis, we define g1 = a, ¢f = &, g2 = ¢, g5 = d and rewrite
(1.1) and its complex conjugate (after a rescaling of ¢; and g» by a factor 1/./&} as

. . A .
e, +ipa + 7% + Alab + nedda + (o + o)a + (kg +ikl)e

—ig[ay, + Qab + ned)a, + QL{ab + neyddal =0 2.1a)
—ib, —ip1B; + %b,, + Aab + ned)b + (o + 0 )b+ (ke — i)

+ig[bzyy + S2{ab + ned)b, + Q(ab, + ned}e] =0 (2.18)
ic, +iper + —;:c,f + Anab + cd)e 4 (o — o )o + (kg — ik )a

—igley + Q(nab +cd)ey + 82(nab +-c,d)c] =0 2.1}
—id; = ipad, + %d,, 4+ A(nab + cdyd + (o + o)d + (k. + ix)b

Fig[dy, + Q2 (ab + cd)d, + Q(nab, + cd,)d] = 0. (2.1d)

The singularity structure analysis of (2.1) is carried out by seeking the generalized Laurent
expansions in the form

a(z, 1) =¢* io ai{z, )¢’ (z, 1) (2.2a)
b(z,1) = ¢ 2 bi(z, )¢ (2, f) (2.2b)
oz, t) = ¢ f’; ci(z, 6 (z, 1) ' (2.2¢)
diz,n) =¢" 2 di(z, )¢z, 1) (2.24d)

in the neighbourhood of the non-characteristic singular manifold ¢{z, 2} = 0 (¢;, ¢r 3= 0)
and searching for the conditions under which the solution is free from movable critical
manifolds.
Assuming the leading order of the solutions in the form

az a0¢[) b=~ bggﬁ"’ fagiacs Cod)r d=>~ d{}qbs 2.3
we substitute (2.3) in (2.1) and determine the exponents p,g,r,s and the coefficients
ao, by, co, do by balancing the dominant terms. In order to simplify the calculations, we
make use .of the Kruskal ansatz [23] ¢{z,t) = ¥ (z) + ¢, where ¥ is an arbitrary analytic
function of z. Then the coefficient functions a;, b;, ¢, and & in (2.2) will be a function of
Z alone. It may be noted that the dominant terms are all those terms which are proportional
to £ in equations (2.1) and on balancing them, we obtain

p+g=-2 r4s5=-2 . (2.4a)
plp — D(p — 2) + 2Qapbop + Lneodp(p +r) =0 (2.4b)
qlg — 1)(g — 2) + 2Qapbog + Qncedo(g + 5) = 0 (24c¢)
r(r = 13(r — 2) + 2Qcedor + Qnagbe(p+7r) =0 (2.4d)
s(s — 1)(s — 2) + 2Qcodos + Qnapbolg + 5) = 0. (2.4¢)

Requiring that the leading order exponents be integers only for the P-property to hold, one
easily obtains from equations (2.4} the following three possibilities. '
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Case I
p=q=r=s=—] (2561)
-3
aobo + nedy = a - (2.58)
-3
napby + codo = o (2.5¢)
Case IT:
p=r=—2 q=.5'=0 (26(1)
—6
aoby + neodo = o (2.6b)
—6
napbo + cody = < (2.6¢)
Case IIT
p=r=0 q=S:—2 (2.7&)
—6
agby + neodo = = (2.76)
—6 ‘
napby + codo = o - 2.7¢)

Next, in order to find the resonances, that is the powers at which the arbitrary functions
enter into the generalized Laurent expansions (2.2), we expand

a=agp” + -+ a;¢*t (2.8a)
b = bo? + - -+ bt (2.88)
c=cd + - it (2.86)
d =dgd® + -+ +ds"+ (2.8d)

and uvse them in (2.1). Detailed calculations give the following resonance equations for the

exponent J:

{Leading order) case I

2072 — G — 3 — DG — IR G* — 873 + 2677 —40j +33) + 29(7* — 873

J°U Jj -5 70 i J j+33)+2n(j" —8&j
+20/2—~16j — N+ (j* - 8>+ 14j>+8/ —15)] = 0. (2.9)

{Leading order) cases Il and III

PO+ DG+ D20 =50 — OR*G2 — 57+ 6)+n(2j* — 10/) + (> — 57— 6)]
X[ (72 =3 +2) + n(2j* = 6] — 8) + (j* ~ 3j — 10)]=0. (2.10)

Considering case 1, equation (2.9) gives 12 resonances, out of which eight are integers
pamely, —1,0,0,1,3,4,4,5 and the remaining four are non-integers/complex in general.
However, the roots of the quartic equation for j in the equation (2.9} can become integer
for the following three specific values of the parameter n, namely n = 0,1,2. The
corresponding integer resonance values are given in table 1.

Similarly considering cases II and III, we find that (2.10) admits eight integer
resonances, namely —2, —1,0, 0, 4, 4, 5, 6, besides four non-integer or complex resonances,
£65/2) & (1/D[(r + 492 (n + D'V, {(3/2) £ (1/2)[(n + 49)'2(n + 1)']). However,
the latter four resonances become integers for the two values = 0 and 7 = [ only, while
they ate again non-integers for the parameter 77 = 2. Their explicit values are also given in
table 1.

Thus from the resonance analysis, we infer that starting from the three leading order
cages I, Il and 11, and searching for integer resonances in the Laurent expansions (2.8),
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Table 1. The leading order behaviour and the resonances for the different (leading order) cases.

Leading order behaviour

{Leading order) Resonances
n-value cases Pg.h s an, bo. co, do ()
4] I pzq:r.—..f:-{ d‘(]b(j ———-ng] = '—3f9 —‘1. —i,é;{}, i,i, 3:3174‘._4. 5. 5 )
i p=r=-2¢4=5=10 — _ _
I p=?‘=0,g‘=&'=—2} apby = cpdp = —6/ R 2,-2,—-1,—1,0,0,4,4,5,5,6,6
1 1 p=g=r=5s=—1 wby+eopdy=-3/Q =1.0,0,0,1,2,2,3,4,4,4,5
I p=r=-2,g=5=0 - PR
o P=r=0,q=s=_2} aoby +cody = ~6/2 —2,-1.=1,0,0,0.4,4,4,5.5.6
e apby + 2c0dy = -3/2, -1,0,0,1,1,1,3,3,3,4,4,5
2 ! pa=r=s==l o by + cody =-3/Q
I p=r=-2,g=s5= O}aubn + 2e9dy = -6/, ~2,—-1,0,0,4,4,5,6,
L p=r=04g=5=—2{2apby +codo = —6/Q B2 VIT/2 S /1TH/2

only for two parametric choices namely 7 = 0 and n = 1, all the three cases admit integer
resonances, and so the corresponding parametric choices are possible candidates to satisfy
the P-property. It is interesting to note that for the parametric choice 5 = 2, even though
the system admits real integer resonances in the (leading order) case I Laurent expansion,
it shows the presence of a movable branch point type manifold due to the presence of the
-resonances (3 +£+/17) /2 and (3 +4/17)/2 in cases II and IIL. So this parametric choice does
not satisfy the P-property and so the corresponding system is non-integrable.

Now considering the parameiric choices 7 = 0 and 5 = {, the resonances are seen from
table 1 to.be as follows.

n=0:
" CasekL j=-1,-1,0,0,1,1,3,3,4,4,5,5 2.11)
Cases IVIIL: j = -2, -2,-1,-1,0,0,4,4,5,5,6,6 2.12)
p=1
Case I j=-1,0,0,0,1,2,2,3,4,4,4,5 (2.13)
Cases IVIN: j = ~2,—1,—1,0,0,0,4,4,4,5,5, 6. (2.14)

In order that the P-property is satisfied for these cases, we have to now ensure that sufficient
number of arbitrary functions exist at the appropriate resonance values in all the cases T and
IVI separately for the parametric choices 7 =1 and n = 0.

2.2. Arbitrary functions for the parametric choice n =1

Considering the leading order case ) for the parametric choice 77 = 1, we now discuss briefly
the search for arbitrary functions at the resonance values j = —~1,0,0,0,1,2,2,3,4,4,4,5.
Obviously j = —1 corresponds to the arbitrariness of the singular manifold. From the
leading order results of equations (2.5b, ¢) it is also clear that for n = 1 the four functions
do, by, co, dg are connected by the only relation

apby + cody = (—3/82) (2.15)

ensuring that three of them are arbitrary. This agrees with the resonance values j = 0,0, 0.
Proceeding further, we substitute the Laurent series solutions (2.2) in (2.1) and collect
the coefficients of different -powers of ¢, so that we can evaluate the further coefficients.
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By collecting the coefficients of (¢~3, ¢72, ¢, 673), we get

apbo — % 24} apdp 2ayco a ay
267 apbo— 3 2body boco by ir 3V |
3 2 =—|1l-= . {2.16)
boco 2ap¢o cody — & 2(,‘0 C1 &8 9] Co
Zbodo aodg 2(13 ngo - % dl dO
Using (2.15) in (2.16), we obtain
cot — gpey = boay + aph) = dpby — bydy; =0 2.17)
along with the additional parametric restriction
A=0 or =3 . (2.18)

From (2.17) it is clear that one of the four functions 4, b, ¢, d) is arbitrary provided the
additional parametric restriction (2.18) is also satisfied in addition to 5 = 1, which agrees
with the resonance value j = 1. Similarly from the coefficients of (72, ¢™2, ¢, $™2), we
see that among the four functions az, bz, ¢z, dz two are arbitrary for both AL =0 or 2 =3
and p; = p2 = p, which is in agreement with the resonance values j = 2, 2. In this way by
proceeding further and collecting the coefficients of (¢!, ¢~L, =1, ¢71), (@° #°, &%, &%)
and (¢!, ', ¢!, ¢'), we establish the required number of arbitrary functions corresponding
to the resonance values j =3, j = 4,4, 4 and j = 5 without any additional restrictions on
the parameters.

We thus find that the (leading order) case 1 Laurent expansion for » = 1 admits
12 arbitrary functions without the introduction of any movable critical manifold for the
specific parametric choices A =0 or 2 =3 and p; = p.

One can proceed systematically in an altogether analogous way for the other type of
Laurent expansions corresponding to the (leading order) cases IT and III and establish that
the corresponding Laurent series are also free from movable critical singularity manifolds,
except that there are only 10 arbitrary functions {due to the presence of resonance values
—2 and double —1's) in these cases.

Thus we conclude that in all the three cases I-II1 the Laurent expansions are free from
movable critical manifolds, in which the case I expansions contain the full compliment
of 12 arbitrary functions corresponding to the four coupled third-order partial differential
equations (2.1) for the parametric restrictions

i n=1 Q=3 p=p (2.19a)
{in=1 A=0 "~ p=po. : (2.195)
Hence (1.1) with the above two parametric choices satisfy the P-property.

2.3. Arbitrary functions for the parametric choice n =0

From (2.11), for n = 0 we have the resonance values j = —1,-1,0,0,1,1,3,3,4,4,5,5in
the (leading order) case 1, with leading order coefficients as noted in table 1. We again look
for the existence of the Laurent expansion about the singularity manifold as in the previous
case, step by step. The detailed analysis shows that in order that no movable critical
manifold is present in the Laurent expansion, one of the following additional constraints on
the parameters should hold:

i =3 k4 = k_ =0 (besides n =0) (2.20a)
G r=0 K4 = k.= 0 (besides n = 0). (2.206)
Both the above conditions, however. imply that (1.1) becomes decoupled into two
independent Hirota equations [24] (or their special cases), each of which is obviously
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integrable. This is in confirmity with the presence of double —1 values in the resonances
too. ]

One can also check that in the leading order cases II and I, again no movable critical
manifold is introduced for the above choices (2.19), (2.20). Thus for the above choice of
parameters the equations (1.1) also satisfy the P-property.

2.4. Results of the P-analysis.

Combining all the above facts, we can now conclude that the system (1.1) possesses the
P-property only for four sets of parametric restrictions, among which two appear from the
parametric choice n = 1, namely (i) 2 =3 and p; = p; and (it} 1 = 0 and p; = p;, and the
remaining two are from the parametric choice n =0, thatis, () @ =3 and k. = - =0
and (ii) A = 0 and ;. = x_ = 0. The latter two cases, as noted above, correspond to Hirota
equations only and so no further analysis is needed for them.

The equations corresponding to the parametric restrictions £ = 3 and oy = p2 = p
(say) in the n = 1 case can be written from (1.1) as

. L A ) .
gy, +1pq + 791 +arllgi® + |g21Mg1 + (04 + 0)gt + (k4 +ik_)ge
—ielquu + 3a(lq1* + [g2/Pgn + 3elgqn + Ggu)n] =0 . (2210)
] . A - .
ige, +ipga + 2% + aillgs [* 4 1g21P g + (o4 — oo )ga+ (g — i)

—ielgons + 3alq1* + 1g21%g2 + 3 (gi . + 93232l = 0. (2.21%)

- Ome can easily check that the form of the equation corresponding to the second P-case
with the parametric choice A =0, p; = py and n = 1 is again the same as (2.21) with the
restriction A = O and a rescaling of g; and 4. The integrable model (2.21) includes both the
most general linear coupling terms k., k-, o4, o~ and the higher-order terms systematically
and its further study is of considerable importance. We also note at this point that a partial
but incomplete P-analysis has been performed very recently [25] for a system similar to the
above integrable equations (2.21), but excluding the linear cross coupling terms .., k- and
self-coupling terms o, o— and without finding the soliton solutions.

Now, (2.21) can be rewritten in a simplified form by making the linear transformation
[17] : _

g1 = exp(i®/2)[q, cos(8/2) — 43 sin(8/2)] (2.22a)
gz = exp(—i® /2)[g; cos(8/2) + g} sin(6/2)] (2.225)
where
- 1
tan® =" tand = —[(k2 + )] (2220
£ o
and subsequently a further transformation
g1 = expli(e+ + o)zl g3 = expli(cy —ol)zlgy (2.23)
where )
ol =02 +uT +k2 (2.24)

as (after dropping the primes)

) A .
igrz + S qus +eh(la, 2+ 1g2Mar — ielgue + 3ala | + lg2Pq1,
+3a(gqu +939u)q:11 =0 (2.25a)
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, A .
12, + 'Z‘CIZM + aAllg |2 + IQZ|2)‘?2 — ielgau: + 30{(]‘3”2 + iQZIZ)QZr

+3a(giqr: + g3 qadg2] = 0. . - (2.25b)

In the above, the terms proportional to p have been removed without affecting the other
terms by introducing the new variables t' = t — pz, and 7’ = z. For ¢ = 0, the above
system (2.25) reduces to the well known integrable mode}l proposed by Manakov [26].
Recently Kaup and Malomed [27] have pointed out that the Manakov model covers, besides
the birefringence property, many other physical phenomena such as soliton trapping and
dauvghter wave (‘shadow’) formation ih optical fibres. The terms proportional te & turn out
to be important [28, 29] as perturbation terms in order to govern some nonlinear shott-pulse
propagation and in such a situation the integrable model (2.25) can assume greater physical
significance as the integrable generalization of Manakov model. Further when one neglects
fibre loss [30, 311, our model (2.25) can also describe the propagation in the femtosecond
region. In the next section, we will study the soliton solutions of the system (2.25).

3. Hirota’s bilinearlization and soliton solutions of the integrable CHNLS equations

One of the interesting aspects of the P-analysis [18-22] as carried out in the last section is
that the singular expansion obtained for the solution of the partial differential equation can be
used to construct the BT and Hirota bilinear form. Here we will consider the system (2.25)
for this purpose. Now by truncating the Laurent expansion (2.2) with (2.5a), up to the
~ constant-level term, and noting that the transformations (2.22)~(2.23) will not affect the
qualitative form of the Laurent expansion for (2.25), we can formally write the BT as

q=a=ap " +a gi =b=bo¢” +b
q=c=cep” +o gy =d=dpp”" +4d (G.1)

where (a, b, ¢, d) and (@), b1, ¢1, d)) satisfy (2.25). In order to derive the Hirota bilinear
form, we consider the vacuum solutions @; = by = ¢, = d; =0 in (3.1). Then we have

g1 = agd™" gy = bog™' g2 = codp”’ g3 =dogp™". (3.2)
This suggests us to take the Hirota bilinear transformation in the form
h .
a=% a=3 (33)

where g(z, 1), h(z, t) are complex functions and f(z, ¢} is a real function,
Using (3.3) and the Hirota bilinear operators

DDi(g - f) = (8 — 8)"(8; — 8)"8(@, ) f (2, Dozt 34
equations (2.25) can be rewritten as
FA(D, + LADE —ieD?)g - f1+ 3ctiefh™Dig - h — [DZf - f —20(gg™ + hi")]

x[(%k —3ieDdg- f1=0 (3.5a)
FHGD, + SADE —ie D}k - f]— Batiefg*Deg - h — DS - f — 20(gg" + hb*)]
x[(%}. —3ieD)k- f1=0. (3.56)

3.1. Bright solitons

Equations (3.5} can be decoupled as
Aig - f=0 Ah-f=0 Aof - f =gg* -+ hit* Asg-h=0 (3.6)
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where the bilinear operators 4, A and 45 are defined as
, A . 1
A= (:Dz + EDf - :aof) Ay = ﬂ-Df A; = D, (3.7)

For finding the soliton solutions, we proceed in the standard way [24,32]. For example, in
order to find the one-soliton solution, we assume )

g = xg h=xh f=1+x*f - (3.8)

where y is an arbitrary parameter. Substituting (3.8) into (3.6) and then collecting the terms
of similar powers in y, we obtain

X .A[gl'1=0 A]h]-1=0 (39)
X0 LA+ A D=(gigf+mAkD =0 Asgi by =0 (3.10)
Xt Migi- =0 A =0 _ (3.11)
Xt Afa =0, (3.12)

One can easily check that the solution which is consistent with the system (3.9)~(3.12} is
ol +exp(ey + £5)
(I +11)?

g1 = exp(m) hy = exp(n; + £o) £ exp(m +np) (3.13) -

where :
m =4l + LA+ sl)z] + 1 (3.14)
and in which /;, nﬁt’? and &g are all complex constants in general and the symbol * indicates

complex conjugate. Using (3.13) into (3.8) and then in (3.3), after absorbing yx, the bright
. one-soliton solution can be easily worked out to be

eihrexplilh — (AU — ) + el =350z + 7it 1}
] ——

3.154
coshilirt —~ Lir[Adir + €303 — 1)1z + 80} (-154)
gy - Sehwenpliltnt = GAG — ) & sty 3zt o

_ cosh{fjrt — Lir [y + &(301% — 12)]z + 6@}
where - i .

: : 12 1/2 :

g = [ L ] £y = [ cxp(220) ] (3.16)
a1+ exp(go + &3] o[l +explep + &)1
1 a1+ expleg + £5)] -

5O — @ 4 2 0 3.17

=g T3 In U+ 3-17)

and from (3.16), we also have 7
1 N
le1? + le2* = = (3.18)

In the above the subscripts R and I denote the real and imaginary part. It is obvious from
(3.17) and (3.18) that & must be a positive real constant, which naturally corresponds to an
anomalous region admitting bright solitons. Further the evolution of the intensity profile of
g1 is shown in figure 1(2) for the parametric choices |&)* =03, g =1, iy =2, A = 1
and & = 0.05 (similar form can be drawn for ¢; also). The solution (3.15) in which £ plays
a considerable role on the velocity of the soliton reduces to the case of the Manakov model
while & = 0 and the corresponding changes are obvious from figure 1(&). After substituting,
the bright one-soliton solution (3.15) in the transformations (2.22) and (2.23), we note that
the resultant solution is in agreement with the result reported from the inverse scattering
method by Tasgal and Potasek [17].
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Figure 1. () Bright one-soliton intensity profile |g; 2 against z and ¢ in the anomalous GvD

region with £ = 0.05 of the integrable model (2.25}. (b) Same as in (¢) with £ = 0. Note the

broadening of soliton width.

Next in order to find the bright two-soliton solutions, we can assume

| L+’ f+x'fe 319)
and proceed as in the case of the one-soliton solution; we obtain a system of bilinear

equations. On solving them consistently, we obtain

&1 = exp(m) + exp{m)

f=

xsi+ e h=xh+ih

g‘:

(3.20a)
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hy = exp(n + g0} + exp(nz + o} (3.200)
fo=a(l, Pyexp(ni +m) +a(l, 2" yexp(m + m) +a(2, 1"y exp(ia + n7)
+a(2, 2y exp(nz + n3) (3.20c)
g3 =a(l,2, 1% exp(n + m -+ n7) + a(l, 2, 2% exp(n -+ n2 + 12) (3.20q)
hs = a(l,2, 1*) exp(m + n2 + 1] + 80} +a(1,2, 2*) exp(m + n2 + 75 + £o) (3.20¢)
fa=a(1,2,1%, 2"y exp(m + mp + 17 + 17) L (3200
where ’ N
;= Gt + LA+ sl + 5 j=1,2 (3.21)
. e Ol 4 expleg + )] .. (b — ;)
at Jy=—— i HE ) 4 J) = S0 T expleo + 9]
P =iy
al®. i) = ofl + exp(s!o + &Pl : ' (3:22)
a(i, j, k) = a(i, pal, ka(j, &%) (3.23)
and
ali, j, k51" = a(, jal, al, MDalj, k" )a(y, Malk”, I*). (3.24)

Here ;, n}m and &g are all complex constants, Using (3.200+(3.24) into (3.19) and then
in (3.3), the two-soliton solutions of (2.25) are obtained explicitly.

In this way, proceeding further one can generalize the expression for g, # and f
corresponding to the N-soliton solutions as

g = Z MI(M)GXP(Z#'JWJ + Z #:Hjﬁbu) - (3.25)

pn=0,1 ]<1<J
h= Z Ma(u) exp (Zﬂqrfj + Z M:ﬂj(bu) (3.26)
=01 1<1<_,r ' .
=3 Ms(w) GXP(ZWW + Z um;c.bzf) (3.27)
1=0,1 7=l 1<isi
where )
ni = hle + L GEA + e1)2) + g0 j=1,2,....2N (3.28)
men =1  lux=I  foj=12....N (3.29)
exp(gi;) = of1 +6Xp(80:_8°)] fori=1,2,...,Nand f=N+41,...,2N (3.30)
(i +14)
exp(&,-,-): G- fori=1,2,...,Nand j=1,2,...,N
o1 + exp(eo + £5)]
i=N+1,...,2Nand j=N+1,...,2N (3.31)
and
1 - when 1+ ZALI Hiry = EN—1 i
Mi(u) = .= = (3.32)
)] otherwise
N N
M= Ve I i e = D (333)
0 otherwise
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1 when 3% pivw = Y0 i

3.34
0 otherwise. (3.34)

My(u) = {

3.2. Dark solitons

Now in order to find the dark solitons, (3.5) can be decoupled into the set of bilinear
equations as » '
Big-f=0 Bih- f=0 Byf - f=3g8"+hh* Azg-h=0 (3.35)
where the bilinear operators B; and B; are defined as

A . : A 1
B = (iDz + -Z—Df —igD? —3iT'D, + 5-1") By = -2?[(,1),2 +T) (3.36)

in which I’ is a constant to be determined.
For constructing the dark soliton solutions, we assume

g=gol+xa+xga+--)  h=h(l+xh+xha+--)

F=1+xi+x2f+---. (3.37)
Substituting (3.37) into (3.35) and then collecting the coefficients of x@, we get
r

Bigo-1=0 Bihy-1=0 208 + hohy = = Asgo - hg = 0. (3.38)
A set of solutions to (3.28) can easily be written as

go = 71 exp(i{1) ho = 7 exp(if1) (3.39)
where

ti= Kyt = [=LPa+ Kj(3AK, + eK? = 3eD))z + ¢ (3.40)
and 1, and 7, are connected by the relation 7

P
2, .2~ ‘
7= o (3.41)

in which K, ;‘](m and (7;, 77) are real constants.
Using (3.37), (3.39) and the usval Hirota identities [32], equations (3.35) can be rewritten

as
GG -f=0 GH-f=0 Bof - f =12GG* + t2HH”

AsG-H=0 (3.42)
where

C = {(iD, +i[3e(K? — ') + K(A]D; + (3eK) + M) D} —ieD}}
G=(+xa+x’a+t)  H=(+xh+hat =0 (343)
Now for obtaining the dark one-soliton solution, we set gy = #; = f; =0 for j > 2 and

then collect the terms with the same power in x. Then we have
1

X
G- -fi+g- D=0  C(-fi+h -1)=0
Byl-fi+ fi-V=1a +g)+tth +h))
As(1-hy+g -1)=0 (3.44)
2
X°-

Cig - fi=0  Chy-fi=0  Bafi- fi =tigigl + tihih}
Asgi - by =0. (3.45)
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One can easily check that the systems (3.44), (3.43) admit the following solutions.

& = hy = z1 exp(br) fi = exp(&y) (3.46)
where
£ = Pit — {[3e(KT — I) + KiM Py — e P} — PL(BeK) + IM[4an (5f + 27) — PR1)z
+£@ (3.47)
and

_ *—P; +1[4D‘-’1(T]2+1'22) - PIZ]”Z
TP ildan (T + €2 — PRI

in which P, and ‘*;fm are real constants, and the parameter ¢; is taken as & = —o;. The
expression (3.48) for the complex constant Z; shows that {Z|> = 1. Since here we have
assumed f as real, §; must be real. This assumption is valid only if & = ~o¢ in (3.47)
is greater than zero (that is o < O} such that 4o (z? + ) > P and which naturally
corresponds to the normal GvD region where dark solitons appear. Now using (3.39) and
(3.46) in (3.37) and then in (3.3), after absorbing x, the dark one-soliton solution can be
derived as

(3.48)

g1 = 11 expAEl(1 + Z1) — (1 — Z;) tanh(%; /2)] (3.49a)
g2 = L exple)I(l + Z1) — (1 — Z1) tanh(§1/2)] (3.49b)
where
r
4G = o : : ‘ : (3.50)

The evolution of the intensity profile of the dark soliton (3.49) is also shown in figure 2
for the parametric values o = —1, 1'12 =04, K1 =P =2, ' =—4 and A = 1, for (a)
e=005and (p) e =0.
Next, in order to construct dark two-soliton solutions, we set g; = k; = f; = 0 for
2 3 and then proceeding as before we obtain

g1 =hy = Zyexp(§1) + Zz exp(§2) Ji = exp(§1) + exp(é2) (3.51)

82 = ha2 = AnnZ1 Zy exp(§; + &2) fo=Anexpé + &) (3.52)
where
& = Pt —{[3e(K7 —T) + K\M Py — &P} — P;(3eKy + I 4o (zf + ) — PAY?):
+ED (3.53)
—P; + i[day (2 + 72) — P12
=t ,[ '(2‘ 22) 21] j=1,2 (3.54)
P + ifdan (zf + 73) ~ PP/
and
_ (Pr— P+ {lden (eF + D) — PRVE — [4on (22 + ) — PP/ (3.55)

T (P4 Po)? 4 ([ (o + r}) T PA2 doty (22 + 22) — PRV

Here P; and &7 are all real constants. Using (3.37), (3.39) and (3.51)~(3.55) in (3.3), the
dark two-solitons can be found explicitly.

In this way by proceeding further, the dark N-soliton solutions can be derived using
the following equations in (3.3).

E§=17 eXP(iEJ)[ Z exXp [Zﬂq (& +16;) + Eauﬂzﬂrj}] (3.56)

=01 i<J
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N N
h=n exp(iﬁ){ Z exp [ Mj(gj - 18;) + Za;‘jﬂfuj:l} (3.57
w=0,1 i=1 iej
N N
F= exp [Zujgj + Zaij[lqu} (3.58)
u=0,1 j=1 r<j -
where
& = Pit — {[3e(KE — T) + K\M1P; — e P} — Pi(3s Ky + EM)day (z +23) — PA1P)z
+£° (359)
— P +ilton(zf + ) — P
exp(ig;) = - - (3.60)
Py Pj + ifdoy (zF + 1) — PAV2
and )
@) (P — P)* + {[4on (zF + 73) — PP1V? — [dai (2} + #f) — PPV
expla;:) = - e
P = B+ PP+ (U + ) — PRIV — (dau (el + ) — PAIV2P
fori,j=1,2,...,N. ) (3.61)

4. Discussion

In this paper, considering a generalized set of CHNLS equations, we have found bright
and dark N-soliton solutions using the relation between P-analysis and Hirota technique.
The model system can govern the dynamics of nonlinear short pulses, which includes
femtosecond soliton pulses when fibre loss is excluded. Strictly speaking in the femtosecond
regime when fibre loss is substantial the contribution of the self-induced Raman effect
becomes important; however, we have not considered this effect in the present work. The
nature of soliton solutions reported is in confirmity with the fact that bright solitons occur
only if « takes a positive value in order to allow the same sign for the dispersion and cubic
nonlinear coefficients as expected in the anomalous GvD region and dark solitons appear
only if ¢ takes a negative value in order to allow opposite signs for the dispersion and cubic
. nonlinear coefficients as expected in the normal GVD region.

The bright one-soliton solution agrees exactly with that obtained from the inverse
scattering method [17] and the remaining higher-order bright solitons and all the dark
solitons are reported for the first time by taking into account the effects of higher-order
terms and the most general linear cross coupling terms systematically. We also noted that
the procedure followed here to find higher-order soliton solutions is not really complicated.
Further, we expect that the simple form of the reported coupled solitons could be observed
experimentally in properly tatlored optical fibres. It will also be of use to stiedy whether non-
integrable but partially integrable systems of (1.1) can admit special solutions of interest.
Work is in progress along these lines.
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